Abstract. In this article we show how Grün's results in group theory can be used for studying the structure of class groups in normal extensions.
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, which Grün communicated to Hasse in a letter dated Dec. 19, 1932:
Proposition 1. Let L/K be a normal extension with degree n and Galois group G, and assume that the class group Cl(L) of L is cyclic. If G equals its commutator subgroup G
′ , then c n = 1 for all c ∈ Cl(L).
Grün did not trust his results and asked Hasse whether he could find an error. Hasse could not, but suggested to ask Olga Taussky whether the result was known. Taussky sent Arnold Scholz a counterexample, which Scholz showed not to be valid; in addition he proved a large part of Grün's claim by observing that the action of a group G on a cyclic group is abelian. Eventually Hasse suggested posing Grün's result as a problem in the Jahresberichte der DMV. By then, Holzer had given his result the following form: Proposition 2. Let L/k be a normal extension of number fields with Galois group G, and let
Galois Action
Results such as Grün's should be seen as variations of a now classical theme: the action of a group G on a finite abelian group A puts contstraints on the structure of A. In fact, define the relative class group Cl(K/k) of a normal extension K/k of number fields by the exact sequence
induced by the norm map N : Cl(K) −→ Cl(k). Then we have Proposition 3. Let K/k be a cyclic extension of prime degree n. For a prime p ∤ n, let f denote the order of p mod n. Then the p-rank of Cl(K/k) is divisible by f .
The first special case of this proposition was found by Kummer, who used a similar technique for showing that the class group of Q(ζ 29 ) has type (2, 2, 2). For proofs of more general results in this direction see [5] ; the essential lines in the historical development were described by Metsänkylä [6] .
We say that a piece C of the class group Cl(K) comes from a subfield k if the norm map N : C −→ Cl(k) is injective.
Proof. Prop. 3 implies that Cl
Grün's first attempt at generalizing his results on cyclic class groups was the following theorem, which he announced in a letter to Hasse dated Dec. 5, 1933: Grün's proof is based on the structure of G n = GL n (F q ), which he had obtained in [2] . There he started by observing that
where q = p f , defined m ℓ as the minimal positive integer with p f m ℓ ≡ 1 mod ℓ, and then proved 
Applications
In this section we show how Grün's results can be applied to obtaining results on ideal class groups in normal extensions. The general setup is this: L/k is a normal extension with Galois group G; this group G acts on Cl(L) or on certain subgroups; if some subgroup of G acts trivially, parts of the class group must come from proper subfields of L.
In fact, let L/k be a nonabelian ℓ-extension with Galois group G, and let K be the fixed field of G ′ . Let m denote the rank of the p-class group of L. Grün's Theorem 5 shows:
(1) If p ≡ 1 mod ℓ and m = 1, then Cl p (L) comes from K. 
We have already remarked that Grün's Thm. 5 does not apply to 2-extensions. But we can apply Thm. 6 to 2-class field towers of sufficiently high stage. Consider e.g. the 2-class field towers of complex quadratic number fields k with class group (2, 2, 2) studied e.g. in [1] , [4] , and [7] . If k 3 has a class number divisible by an odd prime p, then either it comes from k 2 , or the p-rank of Cl(k 3 ) is large:
Proposition 10. Let k be a quadratic number field whose 2-class field tower k ⊂ k 1 ⊂ k 2 ⊂ . . . has at least 3 steps, and let G = Gal (k 3 /k) denote the Galois group of the 2-extension k 3 /k. If C = Cl p (k 3 ) has rank ≤ 3, then G ′′ acts trivially on C, and Cl p (k 2 ) has a subgroup isomorphic to C.
